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Abstract 

We determine fusion rules (dimensions of the space of intertwining operators) 
among simple modules for the vertex operator algebra obtained as an even part 
of the symplectic fermionic vertex operator superalgebra. By using these fusion 
rules we show that the fusion algebra of this vertex operator algebra is isomorphic 
to the group algebra of the Klein four group over Z. 
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1 Introduction 

The aim of this paper is to determine fusion rules among simple modules for the 
vertex operator algebra 3~ + arising from symplectic fermions. 

A fusion rule is defined to be the dimension of the space of intertwining 
operators among three modules for a vertex operator algebra. It is known that 
intertwining operators give rise to 3-point functions over the projective line ( [ZlJ ) . 

The vertex operator algebra 3~ + is an even part of the symplectic fermionic 
vertex operator superalgebra which is constructed from a 2<i-dimensional sym- 
plectic vector space ([A2]). It is shown in [A2] that 3~ + satisfies Zhu's finiteness 
condition but is not rational and that the number of simple modules is four, 
which is independent of d. 

In order to determine fusion rules among simple modules, we first restrict 
our attention to the case d = 1 (we denote 9~ + for d = 1 by In this case 

we determine fusion rules by using the notion of Frenkel-Zhu bimodules (|FZJ). 
Frenkel-Zhu bimodules are quotient spaces of modules for a vertex operator 
algebra together with the left and right actions of Zhu's algebra. However, we 
should be careful when we apply the Frenkel-Zhu theory to our vertex operator 
algebra since [FZJ is not precisely correct. As it is known in [Li], we only use 
Frenkel-Zhu bimodules to get the upper bounds of fusion rules. For this purpose 
we determine generators of Frenkel-Zhu bimodules of simple T + -modules. We 
can show that Frenkel-Zhu bimodules are generated by the images of the lowest 
weight spaces of simple modules. The lower bounds of fusion rules are determined 
by giving nontrivial intertwining operators. 

The fusion algebra of T + is a free Z-module generated by all inequivalent 
simple T + -modules with the multiplication defined by 

M x N = ^2 dim c h+ 

L: simple 

where dime I 7 + {j^ N ) is a fusion rule. Fusion rules for simple T + -modules yield 
that the fusion algebra of T + is isomorphic to the group algebra of the Klein four 
group Z/2Z x Z/2Z over Z. 

For the case d > 1 we use the fact that (T+)® d is a vertex operator subalgebra 
of 3~ + but does not share the Virasoro element with 3~ + . Then it follows that 
every simple 3~ + -module decomposes into a direct sum of tensor product of simple 
T + -modules ELS db (T+)® d -module. Then by the results in [A"DLj . we obtain our 
main result: the fusion algebra for d > 1 is isomorphic to the one for d = 1. 

In [A2| . the first author construct indecomposable reducible 3~ + -modules on 
which Lq do not act semisimply. It is pointed out in [Mil} |Ari] that intertwining 
operators among such indecomposable modules involve logarithmic terms. This 
issue will be studied in the forthcoming papers. 



L 

M N 



L 



2 



The organization of this paper is described as follows. In section 2 we recall 
basics about vertex operator algebras, intertwining operators and Frenkel-Zhu 
bimodules. In section 3 we introduce the symplectic fermionic vertex operator 
superalgebra 9~ and recall simple 3~ + -modules. In section 4 we determine gener- 
ators of Frenkel-Zhu bimodules of simple 3" + -modules for the case d = 1. Final 
section is devoted to determine fusion rules among simple modules for d = 1 and 
then d > 1. The appendix is devoted to derive a formula of a determinant used 
in section 4. 

Acknowledgment The first author is partly supported by Grant in Aid for 
Young Scientist (B) 23740022 and the second author is partly supported by 
Grant in Aid for Young Scientist (B) 23740019. 

2 Preliminaries 

2.1 Vertex operator algebras and their modules 

Definition 2.1. A quartet (V, Y, uj, |0)) is called a vertex operator algebra if it 
satisfies the following conditions: 

(1) The vector space V is N-graded V = ©^L ^ such that dime V n < oo for all 
nonnegative integers n. Any element a of V n is called a homogeneous element of 
weight n ; we denote \a\ = n for any v E V n . 

(2) The elements |0) E Vq and uj E V2 are called the vacuum and the Virasoro 
element, respectively. 

(3) There is a linear map Y(—,z) : V — > End V[[z, z^ 1 ]] (v t— > Y(a,z) = 
Y.n£L a (n) z ~ n ~ V ) satisfying a^ n) V m C F m+ | a |-n-i for all nonnegative integers 
m such that |0)(_i) = idy, |0}( n ) = (n 7^ —1), and ai ^[0) = a, a( n )|0) = 
(n > —1) for all a G V. The L ra = W( n+ i) (n G Z) and |0) (— 1) = idy give rise 
to a module structure for the Virasoro algebra on V with central charge cy € C, 
and Lq is a grading operator, that is, Lqv = nv for any v G V n . 

(4) (L_io)/ n ) = — no( n _!) for all a £ V and integers n. 

(5) Let a , a 2 € V and m, n E Z. Then the commutator formula holds: 

j=o v J 7 

(6) Let a , a 2 £ V and m, n E Z. Then the associativity formula holds: 

( a (m) a2 )(n) = ( 7 " ) ( a lm-j) a (n+j) ~ (~ l T ^frn+n- j) a (j)) ' 

j=0 V J J 

Next we shall recall from [NT] and [MNTj the notions of modules for vertex 
operator algebras. 
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Let V be a vertex operator algebra and let g be the associated current Lie 
algebra. Recall from [MNT] that Vl(q) is the current algebra and Id (d G Z) is the 
degreewise completion of a filtration on the universal enveloping algebra U(q) of 
g (see [MNTl lNT]). 

A weak V -module is defined to be a U(g)-module and a V -module is a finitely 
generated U(0)-module M with following properties: For any u E M there exists 
an integer d such that I^u = and for any u £ M the vector space linearly 
spanned by vectors 

a (K|-i+«i) a (> 2 l-i+«2) ' ' ' a (M-i+n a )'" ( Va * e V, ni + n 2 + • • • + n s > 0) 
is finite-dimensional 

Definition 2.2. Let V be a vertex operator algebra and let C*2(V) be the vector 
subspace of V which is linearly spanned by elements of the form a^_2)b (n > 1). 
If the quotient space V/C2(V) is finite-dimensional we say that V satisfies Zhu's 
finiteness condition. 

Proposition 2.3 ( [NT} Corollary 3.2.8]). Let V be a vertex operator algebra and 
let M be a V -module. Then M = ® rgC M (r) where M (r) = {m € M \ (L - 
r) n m = for a positive integer n}. IfV satisfies Zhu's finiteness condition then 
dimcM^ < oo for any complex number r. 

It is not difficult to show the following proposition. 

Proposition 2.4. Let M be a simple V -module. Then there exists a complex 
number r such that M = Q) n( z^ M r+n , M r ^ 0, where M r+n = {m E M | (Lq — 
r — n)m = 0}. Moreover, dime M r+n < oo (n 6 N) ifV satisfies Zhu's finiteness 
condition. 

Remark 2.5. Let V be a vertex operator algebra satisfying Zhu's finiteness 
condition and M be a ^-module. Then we can define the contragredient module 
D(M) of M. It is shown that D{D(M)) is isomorphic to M (see e.g. [NT[ 
Proposition 4.2.1]). 

2.2 Intertwining operators 

Let V be a vertex operator algebra and let L, M, N be weak ^-modules. An 
intertwining operator of the type (lm) is a linear map 

I(-,z) : L ->• Rom c (M,N){z}, u ^ I(u,z) = ^ n^z^ 1 
satisfying the following conditions: 

(i) For any u G L, v G M and a complex number a, there exists a non-negative 
integer m such that u^ a+n ^v = for all n > m. 
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(ii) For any u £ L, we have 



I(L-iu,z) = ^j-I(u,z). 
(iii) For any a € V, u\ £ L, ui £ M, a € C, and p,q € Z, we have 

XI ( ) ( a (<l+i) Ul \a+P-i) U2 

i=0 w 

= J^l- 1 )^ 9 )( a (p+g-i)( n i)(«+i) n 2 - (-l) 9 (ui) (a+9 _ i) a (p+i) n 2 ). 

We denote the space of all intertwining operators of the type ( LM ) by 
ly M ) and call dime ly ( L N M ) the fusion rule of the type ) • 
Fusion rules have obvious symmetries: 

Proposition 2.6 (jFHLj Proposition 5.5.2]). Let V be a vertex operator algebra 
satisfying Zhu's finiteness condition and let L, M, N be V -modules. Then there 
exist canonical vector space isomorphisms 

T ( N \ ~T ( N \ ~T ( D{M) 

Iv \lm) =Iv {ml) =Iv {ld(n) 

The following propositions and the theorem play important roles in the paper. 



Proposition 2.7 (cf. \Z2\ Proposition 7.4]). Let V be a vertex operator algebra 
and let M, N be simple V -modules. Then 

( N \ Jl M^N, 
dimc Hv-Mj = { M?N. 

Proposition 2.8 ( |ADH Proposition 2.9]). Let V be a vertex operator algebra 
and let L, M, N be V -modules. Suppose that L and M are simple V -modules. 
Let U be a vertex operator subalgebra of V with the same Virasoro element and 
let L' and M' be simple U-submodules of L and M , respectively. Then we have 

dimcIv { L \l)^ dimcIu {L^M> 

Theorem 2.9 ( [ADLl Theorem 2.10]). Let V 1 and V 2 be vertex operator algebras 
and let L 1 , M 1 , N 1 be V 1 -modules and let L 2 , M 2 , N 2 be V 2 -modules. Suppose 
that 

N l \ T / N 2 



dim c Iyi ^ A < oo or dim c Iy 2 I ^ M2 ) <°°- 
Then there exists an isomorphism 

N 1 \ f N 2 \ _ ( N 1 <g> iV 2 

rl M l) ®VI L2 M 2 Ui 8i;J M l0M2 
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2.3 Bimodules of Frenkel-Zhu 



In this subsection we recall the notion of Frenkel-Zhu bimodules. 

Let V be a vertex operator algebra and let M be a ^-module. Let O(M) be 
the vector subspace linearly spanned by 



a o u = 




for all homogeneous a € V and u € M. We set A(M) = MjO{M) and define 
the bilinear operation * : V x M — > M 



a*u = 




for any a £ V and u € M. 

It is shown in [Z2| that the bilinear operation * induces a structure of an 
associative algebra, called Zhu's algebra, on ^4(T^) with the unity [|0)] = |0) + 
0(V) and a central element [u] = u + O(V). 

Let f2(M) be the vector space consisting of elements in M which satisfy 

a(\a\-l+n) u = 

for all a £ V and positive integers n. Then f2(M) is canonically a left A{V)- 
module with the action o(a)u := an a \-uu. 

Theorem 2.10 ([Z2J Theorem 2.2.2]). T/ie functor 17 ^iwes use to a bijection be- 
tween the complete set of inequivalent simple V -modules and that of inequivalent 
simple A(V)-modules. 

It is shown in |FZl Theorem 1.5.1] that A{M) is an A(y)-bimodule with the 
above left operation * and the right operation given by 



u* a = 




Then we have: 

Lemma 2.11 ( [AH Lemma 3.5]). Let M be a weak V -module. Then 

L-\u = oj * u — u* uj — \u\u mod O(M) 
for any Lq- eigenvector u £ M of eigenvalue \u\. 

It is well known that a simple ^-module M decomposes into Lo-eigenspaces 
M = (BnLg -^r+nj M r ^ {0} with a complex number r. This complex number r 
is called a conformal weight of the simple module M. 

The importance of j4(V)-bimodules for determining fusion rules is explained 
the following theorem. 
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Theorem 2.12 ((FZl Theorem 1.5.2], [HI Proposition 2.10]). Let V be a vertex 
operator algebra. Let L, M and N be simple V -modules with conformal weights 
r\ , r2 and r% , respectively. Then there is an injective linear map 

Iv (lm) ~* {n{N)T ® A(V) A{L) 0A(y) ®MV)V{M), (2.1) 

where (f2(iV))* = Homc(^(-W),C) is viewed as a right A(V)-module in a natural 
way. 

We call the right-hand side of (12. ip the contraction of (f2(iV))*, A(L) and 
f2(M) and hereafter we denote it by (£l(N))* ■ A(L) ■ U(M). As an immediate 
consequence we have 

dime I v (V^) < dim c (0(iV))* • • fi(Af). 

3 The vertex operator algebra ^ + and their 
simple modules 

3.1 The symplectic fermionic vertex operator super- 
algebra "J 

Let f) be a 2(i-dimensional vector space over C with a non-degenerate skew- 
symmetric bilinear form ( , ). Let {e l ,f l \ i = 1, . . . , d} be a basis of f) such 
that 

(eV) = (r,/'')=0and = 

for all 1 < i, j < d. There is a Lie super algebra structure on the affinization on 
f), i.e., fj = t) ® C^t" 1 ] CK with even part CK, odd part P) (8 C[i,i -1 ]- The 
supercommutation relations 

[0 (8) t m , V <8 i n ]+ = m{<f>, il))5 m+nfi K ((f), il>el),m,n<= Z), 
[1ST, 6] = 0. 

Let C+ be a one-dimensional module of the Lie supersubalgebra f) + = f) (8 
C[i] © Cif of f) on which f) <8 C[i] acts trivially and K acts as 1. We denote by 

3" the induced module Indg + C+. It is immediate that 3" is isomorphic to the 

exterior algebra AO)-) as vector spaces where f)_ = f) (gi i _1 C[t _1 ] . 

We denote by fy n ) the action of h (8 i n on J for any /i G f) and n € Z. Then 
any vector in 9" is a linear combination of the vector |0) = 1 (8 1 and the vectors 
of the form 

v = h\_ ni yh[_ nr) \0) (h\ ...,h r et), ni,...,n r 6Z >0 ). (3.1) 
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Let 3~ + and 3~~ be the subspaces of 3~ linearly spanned by vectors (|3.ip for 
even r and odd r, respectively. As shown in |A2| the fj-module 3~ becomes a 
simple vertex operator superalgebra with the even part 3~ + and the odd part 3~ _ . 
The vertex operator Y(v, z) associated with a vector v of the form (|3.ip is 

Y(v, z) = I dfa-Vh^z) ■ ■ ■ d^- l h r {z) % 

where 

h(z) = J2hn)Z- n - 1 {he®, dW = ± 

nez 

and the normal ordering procedure ° — ° is defined as 

° "(mi) V) ° ~~ 

recursively for all h % 6 t) and m; £ Z. The vacuum vector is |0) and 

"=E e (-i)/(-i)i°> 
i=i 

is a conformal vector of central charge —2d. Set Y(u, z) = ^2 ne % L n z~ n ~ 2 . Then 
[Lq, hr n \] = n/i(_ n ) for all h 6 t) and integers n (see [A2] ). It is not difficult to 

see that an element of the form (|3.ip has weight n\ + Yn r . Hence 3o = C[0) 

and 3~i = ( fy_;n|0) | fj £ fj )c — Fj so that we can identify f) with 3i by 
the correspondence /i i— > /i/ i)|0) for any h £ f). We call the vertex operator 
superalgebra 3~ the symplectic fermionic vertex operator superalgebra. 

3.2 Twisted 3~- modules 

The vertex operator superalgebra 3~ has the automorphism 6 defined by 9{u) = 
±« for u G 3^ , respectively. In this section we will construct a 0-twisted module 
of the vertex operator superalgebra 3" following [A2j . This construction is resem- 
ble to the one of twisted modules for the Heisenberg vertex operator algebra. 

Let fa = fj ® t3<C[t, t" 1 ] GK". Then f) is a Lie superalgebra with even part 
Cif and odd part f) ® t ?C[t, t ]. Its supercommutation relations are given by 

[h 1 ®t m ,h 2 ®t n } + = m(h\h 2 )5 m+nfi K (h\ /i 2 et),m,ne^ + Z), 
[K, t)o] = 0. 

Let C\8) be a one-dimensional module for the subalgebra f)^~ = i)0t^C[t]®CK 
of f)g defined by t)t\0) = and -K"|0) = \0). Then we obtain an induced 

module 3~t = Indjj+C|0). By abuse of a notation, but for short, we denote 

^6 




' "(mi) ° h (m 2 ) 



h r ° 



if mi < 0, 



if mi > 0, 



8 



the action of h ® t n (h € fy, n € ^ + Z) on 3" ( by ht n ) and introduce a field 

We define a field associated with a vector t> of the type (|3.1j) by 

W(t;, z) = I d^-^h}{z) ■ ■ ■ d^~^h r {z) % , 
where the normal ordering procedure ° — ° is defined as 



° h 1 . . . h r ° 

= "(mi) (m r ) ° 



h) s---h T r if mi < 0, 

(mi) ° (rn2) (in r ) x ' 



' ° (1712) (m r ) (mi) 1 



for any h l G f) and m,j € ^ + Z, recursively. 
Let c mn be the rational numbers defined by 

Em n , + + (l + y) 

c mn x m y n = - log' 

m,ngZ>o 

and set 



m— n 

m, n>0 «=1 



Let define a filed Y e {v, z) by Y e (u, z) = W{e A( - z h, z) for any v G J. Then the 
pair (3~ t , , z)) gives rise to a ^-twisted 3~-module (see [XuJ for the definition 
of twisted modules). 

The conformal weight of 3~ t with respect to the operator L = is — ^ and 
we have 

00 

n=0 

It is obvious that 9 r t _i = and 3~ t 3 = ( | /i £ f) )c- Furthermore, 

we see that 3~t is a simple 0-twisted module. 

Remark 3.1. The even part 3"+ and the odd part 3~ t - of 3~t are respectively 
spanned by elements of the form 

hl ni yh\_ nr) \9) 

for even and odd non-negative integers r, h , . . . , h r € f) and n\, . . . , n r S ^+Z>o- 
Obviously we have 

00 00 

n=0 n=0 
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3.3 Simple 3~ + -modules 

It is obvious that the even part 3~ + of the symplectic fermionic vertex operator 
superalgebra 7 is a vertex operator algebra of central charge —2d and that the 
odd part is an 3~ + -module. Since 7 + is spanned by vectors with even length, 
the twisted vertex operator Y 9 (v,z) for v G 7 + belongs to End<c(3~t)[[2, z" 1 ]], 
which shows that Tf 1 are 3~ + -modules. 

Theorem 3.2 ( \A2\ Theorem 3.13, Theorem 4.2]). (i) The even part 7 + is a 
simple vertex operator algebra satisfying Zhu's finiteness condition.. 

(ii) Any simple 7 + -module is isomorphic to one of 3^, 7f. 

4 Generators of bimodules for A(3^ + ) for d = 
1 case 

In this section we will find generators of bimodules for A(7 + ) for d = 1. 

4.1 Zhu's algebra A{J + ) 

Let us recall from |A2j the generators of the Zhu's algebra of 7 + . 

By [A2, Corollary 3.8] it follows that the vertex operator algebra 7 + is 
strongly generated by the Virasoro element u = Yli=i e (_i)/ 1 an d the elements 

H tJ = \(eU)f 3 + f(- 2 /), 
F ij = \[fU)P + f{- 2) f) 
for 1 < i, j < d. Hence, Zhu's algebra A(7) is generated by the set 

{ e tf /,</. /•'/. /.;<;. //'/. F ij }f J=1 

(see [Ml Proposition 2.5]). We denote 3~, 7 t , 7 ± and 3f for d = 1 by T, 7 t , 7 ± 
and if , respectively. In the case that d = 1 we see that e 1 ' 1 = J 1 ' 1 = 0, cj = h 11 . 
We set E = E u , H = H n and F = F 11 . Therefore Zhu's algebra A(7+) is 
generated by a;, E, H and F. 

4.2 Generators of the ^(T+)-bimodule A(7~) 

Let use set 

[/ = (a 1 * a 2 * ■ ■ ■ * a r * h * b 1 * b 2 ■ ■ ■ * b s | a\ V G T + , h G h) c . 
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Let (T )( r ) be the vector subspace of T linearly spanned by vectors of the 
form 

h \-n^) h l-n 2 ) ■ ■ ■ h l-n s )\°)> V € t), > 0, 8 < T. 

Notice that (T~)( 2m+1 ) = ( , j~)( 2m + 2 ) f or nonnegative integers m. Then we see 
that 

(hl ni) hl_ n2) \0)) ( _ 1)U = h\_ ni) h\_ n2) u mod (T-)«, (4.1) 
ih\_ ni) h\_ m) \Q)) {j) u = Q mod(T-)W (4.2) 

for all u G (7~)( r \ <j), ij) G f), ni,ri2 > and nonnegative integers j. Hence we 
have 



(4.3) 



( /i (-n 1 ) /l (-n 2 )|0))*^ = ^( ni . n2 )(/i(_ ni )^ n2 ))(i-l)^ 

i=0 V y 

= </>(- ni )^(-n2) u mod (^) (r) 
for all u G (T~) (r) , /i 1 ,^ 2 G fj and ni,n 2 > 0. 

Proposition 4.1. T/ie bimodule A(7~) is generated by [e] and [/]. 

Proof. We show that £/ + 0(T - ) = T~ by using induction on r = 2m + 1 of 

Or-)M. 

For any /i(_ n )|0) G (T - )^ 1 ), we have 

h- n) \0) = J^Ty L -i lh - 

Then, by Lemma 12.111 we obtain h/_ n \\Q) G U + 0{7~). 

Let m > 1 and suppose that (T-)( 2m+1 ) cf/ + 0(r). Then it follows from 
that 

*U)*(-*) tt = (h\_ ni) h\_ m) \V)) * u mod (•j-)( 2m + 1 ) 

for it G (T~)( 2m+1 ). Note that ( , j-)( 2m + 3 ) i s linearly spanned by vectors of the 
form 0(_ ni )^(„ n2 )ii with u G (T~ )( 2m+1 '. Therefore, by the induction hypothesis 
and the fact that 0(7~) is invariant under the left and right actions of V with 
respect to *, we have (<J-)( 2m +i) C U + 0(7~). □ 

4.3 Generators of A(T+)-bimodules A{7f) 

Let 

U+ = ( a 1 * ■ ■ ■ * a r * \6) * b 1 * ■ ■ ■ * b s \ a\ V G T+ ) c , 

C/ ~ = (a 1 * ••• *a r *h { _i ) \0) * 6 1 * • • • * b s | a\ V G 7+,h G f)) c . 

The main result in this section is: 
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Proposition 4.2. The A(7 + )-bimodule A(7t ) is generated by [\9)] and the 
A(7 + )-bimodule A(7^~) is generated by [e^_i^\8)] and [f^_i^\9)]. 

Since 7 t = 7+ © 7f, it follows that A(7 t ) = A(7+) © A{7^) as A(7 + )- 
bimodules. Hence it is enough to find generators of A(7t) as an ^4(T + )-bimodule. 
Before we give a proof of Proposition 14.21 we will prepare several lemmas. 

For any non-negative integers r and d, we set 

^ r) = ( h\. mi) • • • h\_ ma) \B) | K G b, mi G i + Z> , < s < r ) c , 
#(d)=V_i, T^(d)=T M+| , T t (d)=^(d)e7T(d) 

^ M) = ©^W t (A;) 

fc=0 

Remark that 

oo 

since T 4 is Lo-invariant. 

Lemma 4.3. (1) For < p < k — l(k > 1) and any u G 7^ ,d \ we have 

{h\_ p _ x) hl_ k+p) \H))^ 1)U ee (hl_ p _ 1} hl k+p) \0)) * u mod 7t +24+k \ (4.4) 

(hl-k-i)h 2 )( )U = {h\^ x) h 2 ) *u-u* {h\_ k _ x) h 2 ) mod 7 f +24+k) . (4.5) 
(2) We have 

(hi m) hi n) \o)) io) u = y: (2-1) (~n~i) ° WW*- (4 - 7) 

i+j=-m— n+1 

Proo/. (1) Note that {h) m) h 2 _ n) |0» (f) « G g*-+2,<i+m+n-i-l) for all integers L 
Then the fact that 



a * u = 



u* a = 




for any homogeneous a G 7 + and u G yields (|4.4p and (|4.5j) 
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(2) For any positive integers m and n, we see that 

( h (-m) h t-n)\°))(k) 
= Re Sz=0 z k Y e (h\_ m) h 2 _ n) \0),z) 

= Re Sz=0 z k (w{h\_ m) h\_ n) \Q),z) + W(A(z)hl m) hf_ n) \0),z)] 
= Res z=0 z k (W{ I d^-^ h 1 {z)d {n - 1) h 2 (z)\0) , z) + 7 id z - m ~ n ^ 
for some complex number 7. Then the both identities immediately follow. □ 

(r d) 

By the lemma, for any < p < k — 1 and u € T, , one has 



( h l-p-i) h2 (-k+p)\°))(-i) u 



E 



i+j=-k-l 



k 

E 

k 



-i - 1 
P 



-3 - 1 V ft 1 ft 2 °7, 



\\(k 1 , i2 



[ •* , ivtt mod T; 

fc - 1 -p / (-9-5) 



(r,d+k+l) 



q=0 



2' 2' 2 J 



and 



(^(-fc-i)^ 2 )^ 



E 

fe— 1 



-*-l 



°° h (i) h U)° u 



^ ; 1^? fc4 . i,« modT t M+fc+1) 

fc / (-3-2) (-^+9-2) * 



E 

g=0 
ft 



g=0 



1 1 1 



2' 2' 2 ; 



where we set the matrix A k (a, b, c) = (Ap q [a, b, c))o< p>g <fc+i with 



' ( q + a\ (k — q + b\ 



A k (a,b,c) = < 



P 



(0 < p < fc, < g < k+ 1), 



g + c 
L VA; + 1 



ply: 



(p=k+l, 0<q<k+l) 
Since the matrix A k (— |, ^, — |) is invertible by Lemma lA.l[ (|4.4[ )~ (|4,5j) im- 
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Lemma 4.4. For any k G Z >0 , < q < k, r G Z> , h 1 ,h 2 et) anduG T t (r,d) , i/ie 

y(r,d+k+l) +<J {r 



element h} i./t 2 , t u is in the subspace 7^ *u*7 + +'li r ' d+k+1 ^ +7+ r ~^ 
(-9-5) (-*+«— 5) 



Proof of Proposition \4-^\ for 7^ . We shall show that 97 (d) C £/q for any 
non-negative integer d > by using induction on d. 

The case that d = is obvious because 97(0) = C\6). For d = 1, we have 
T+(l) = CL-i\6) C U since L_i|0) = w * |0) - |0) * uj + i|0) G 

Let d > 1 and suppose that T 4 + (di) C £/q" for any d\ < d. Then we see that 
any element in 97(d) is a linear combination of elements of the form 

v = h f i\hj , , ivit 
(-p-5) (- fc +P~5) 

for /i 1 , /i 2 G J), 1 < *: < d - 1, < p < k - 1 and u G 9f ~ 2) n T t + (d - lb - 1) with 
any r G 2Z>o- Then by Lemma 14.41 and induction hypothesis, the element v is 
in T t (~l 97 + Uq . Now induction on m > 1 for r = 2m and above discussion 
imply that v G Uq . This proves T t + (d) C(/ Q + . □ 

Proof of Proposition \4-%\ for 97 . We also use induction on d. In the case 
d = 0, we obviously have 97(0) = Ce ( _i)|0) + C/ ( _i)|0) C {7 ~. For d = 1, we 
see that 97(1) = Ce ( _sj|0) + C/ ( _3 } |0). Since 

= L -^ h {-\)\°) = w * - * w - l h (-'^ G ^ 

for h = e and / by Lemma l2.6( we have 97(1) C C7. 

Let d > 1 and suppose that T t ~(di) C for di < d. We see that any element 
of 97 (d) with length r > 3 is a linear combination of elements of the form 

for h 1 , h 2 G f), 1 < k < d - 1, < p < fc - 1 and u G T t (r_2) n T t ~(d - fc - 1) with 
r G 1 + 2Z>o- By Lemma 14.41 and induction hypothesis, the element v belongs 

(r— 2 d) — — 

to 9j n T t + C/q . Now induction on m > 1 for r = 2m + 1 yields that 
v G T t (1) n 97(d) + Uq. This proves 97(d) C T t (1) n 97(d) + Uq. 
Now it is enough to prove 

T f (1) n 97(d) = Ce ( _i_ d) |0) + C/ ( _i_ d) |0) C Uq. (4.8) 

It follows from f|4.4[) — (|4.5[) together with induction hypothesis on d that 

(e(-i- P )/(-d+P+i)|O))(_i)e ( _i ) |0), (e ( _ d) /)( O )e ( _i ) |0) G U 
for any < p < d — 2. 
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On the other hand, by (|4.6p - (|4.7p . we have 

( e (-p-l)f(-d+p+l) l°))(-l) e (_ I ) l#) 



2) 

d-1 111 

X)^ 2 (-2'2'~2) e (-9-3) / (-«H-9+^) e (-|)l^ 

9=1 

2»2' - 2) e (-9-|)A-*+if-J) e H)l e 



^ ,111 



+ o^d-l,<f( _ o> o' _ o) e (-i-(i)l^)' 



g=0 

and 

(e(-d)/)(o)e ( _i ) |6 , > 

■2»2'~2^ e (-9-3) / (-*+s+i) e (-i)l 

1 1 \ f 
'2'2 ,_ F e (-0 ; (-<i+9-|) c (-|)l 



d-i ill 

E^=L(-?>5>-?) e (-?-i)A- • - 1 1 



9=1 



111 



5Z j4 d-l,9+l(~9' 0' ~n) e {-q-^)h-d+q-^ " ( - ' 



<?=0 



'2' 2' 2>2 (-2- d )' 

By the definition of matrices A we see that for < p < d — 2 and < q < d — 2, 

A P, q +l[ 2 , 2 , 2 ) V p J\ d-2-p 

= A d - 2 (- -- -) 
P'l 4' 2' 2' 

and 

A dr-i,q+iK 2 ' 2' 2 J V^" 1 

- A d ~ 2 (- -- -) 

Since A d ~ 2 (^,— is invertible because det ^4 d_2 (l, — |, 1) = 1 by Theorem 
IA.lt it follows that e^_ q _3^f^_ d+q _ i\ e/_i_ d J0) G J7q~ for any < q < 
d-2. 

In the same way we can show that ff q _a\er d+q _i\ff_u \8), \8) € Uq 

for any < q < d — 2. Therefore we have (|4.8|) . □ 
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5 Fusion rules for simple ^-modules 

In this section we will first determine fusion rules for simple T + -modules and 
then simple 3~ + -modules. 

5.1 The case d = 1 

In this section we shall determine fusion rules for 3~ + with d = 1, i.e., for T + . 
In order to determine fusion rules for 3~ + with general d it is enough to consider 
d = 1 case as we will explain in the next subsection. 
By Proposition 12.71 we have: 

Proposition 5.1. The fusion rule of type (r+ m) *s given by 

N \ _ fl (M,N) = (7 ± ,7 ± ),(7t,7f), 



\7 + M J )o otherwise. 

Since any simple T + -modules is self-dual, Propositions 12.61 and 15. II yield that 
it is enough to calculate fusion rules dime I<j+ ( L N M ) for triples 

(L,M,N) =(7-,7-,7~), (7-,7~,7+), (7~,7~,7t), (T~ 0+ 

(7-,7+^r), (7-,7i,7^), (7+,7+,7+), (T+,T+,^), (5.1) 
(7 t ,7 t ,7 t ) , (7 t ,7 t ,7 t ). 

Let us first determine fusion rules of type ( 7 - m) ■ For any h 6 f), we have 

co*h = L^ 2 h + 2L_ih + L h = ^ L -ih + 2L_i/i + h. (5.2) 
Applying Lemma 12. Ill to (15.2p we obtain 

co * h = -co * L-\h — — (L_i/i) * co 

- L^h + 2co * h-2h*co - 2h mod 0(7~) 

= — co * (co * h — h* co — h) 
1 

— — (co * h — h* co — h) * co 

— (co * h — h* co — h) + 2co * h — 2h * co — 2h + h mod 0(7~) 
= — (co 2 * h — 2co*h*co + h* co 2 ) + — (co * h — h * co), 

which implies 

^(co 2 * h - 2co * h * co + h * co 2 ) - -(co * h + h * co) = mod 0(7~). (5.3) 
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For simple 3~ + -modules M and N, we see that 



u' ® [w] m * [a] * M n ®v = x m y n u' ® [o] ® v, (a € 7", u € 0(M), u' G fi(JV)* 

for nonnegative integers m and n where x and y are conformal weights of N and 
M, respectively. Then, by (I5.3p . setting a(x,y) 



(x+y) 



we have 



a(rc, ® [/i] (g) v = 



for any h G f), «' € O(iV)*, and w G 0(M). Recall that A(T~) is generated by 
e and / as an A(T+)-module. Therefore we have Q(N)* • A(7~) • fi(M) = if 
a(x,y) / 0. By direct calculations we get 



a(x,y) 



25 
128' 

63 

128' 

1 



0, 



These imply that 

dime Ij^ 



N 
7- M 



-1, M = N = 7~, 

(M,N) = (7~,7+), 
(M,N) = (7-,7~), 
M = N = Tf, 
(M,iV) = (T+,T-), 
M = N = 07. 



for (M,JV)^(3+ 37). 



We have a non-trivial intertwining operator of type ( ' +) which is obtained 
as the restriction of the twisted vertex operator Y e (— , z) to T~. Hence the fusion 
rule of type ( T * + ) is non-zero. 

We will prove that this fusion rule is one-dimensional. We need to prove that 
dimc^T^)* • A(7~) ■ Q(7^) = 1 by using the explicit description of right and 
left actions of E = &(-2) e an d F = /(_2)/ on f2(T t - )* and A(7~). 

Let us consider the exact forms of the actions of E, F on £l(7f) and n(7jT)*, 
respectively. Let {4>t,ipt} C r2(T t - )* be the dual basis with respect to the basis 
{e ( _i)|0),/ ( _i)|0)} of n(7f). Note that 



i+j=0 



VD 1 



(5.4) 



for any h , /i 2 G f). Thus we have 



o(E)e 
o{F)e 



(-1)1 
(-§)! 



0, o(£7)/,_i 



\0), 



(-1)1 



o(F)/ ( _i ) |0) = O, 



17 



and hence we obtain 

<k ■ o{E) = i> t , <p t ■ o(F) = 0, (5.5) 
i/H ■ o(E) = 0, ^ ' o(F) = -<p t . (5.6) 

We further have o(h l ^_ 2 ^h l )\9) = by the direct calculation (cf. (|5.4p ). Since we 



have E*e = F*f = 0, {53]) and (JHHJ) show 

ipt ® [e] ® |0) = & g) [E * e] ® |0) = 0, 
0* ® [/] ® l#> = ® * /] ® |0) = o, 
Let us find several relations in 74(T _ ). Direct calculations show 

= 4{h\ h 2 )h^ 3) \0) + 8^, h 2 )h\_ 2) [0) + 2(h\ h 2 )h x (5.7) 
= 2(h\ h 2 )h\h x + 8</i\ /i 2 )L_ 1 /i 1 + 2(/i\ /i 2 )/* 1 

Since T+ and T t ~ have conformal weights — | and |, respectively, Lemma [2.111 
and (|5.7p imply 

u ® [(hf^/i 1 ) * /i 2 - /i 2 * (fc^/i 1 ) + /l2 ) /l1 ] ® « = (5.8) 
for any v! G O(T^)* and t)eQ(^), By (JEHD and ([53]) we obtain 

V>t ® [/] ® |0> = <k ® * /] ® |0> 

= <£ t ® [£*/-/*£] ® |0) 
= [e] ® (0). 

Therefore the vector space fi(TT")* • A(7~) • 0(T^ ) is spanned by the element 
4>t ® [e] ® |#), which yields that the fusion rule of type ( is equal to one. 

Summarizing we have: 

Proposition 5.2. For any triple (7~ ,M,N) in (|5.1|) with L = 7~ , we have 

dimch+ ( N ) = S 1 (M,N) = (7+,7T), 
\7~ M J 1 otherwise. 

To complete the list (|5.ip we will prove the following proposition. 
Proposition 5.3. (1) For (M, N) = (7f,7f), (7^,77 ), (77,77), we have 

N 



(2) We have 



dimc/T+ U+M, 1= ° 



dim c J^(^3 T _ ]=0. 
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Proof. (1) Recall from Theorem 14.21 that A(7^) is generated by [\9)} as an A( + )- 
module. Therefore it is enough to show ip <g> [\6)] <S> u = for all ip £ tt(N)* and 
u € O(M). Since 

^-i[e> = e ( _j ) / ( _j ) |e> ) 

L-*\e) = e { _ h) f { _ l) \6) + e^ ) f H) \e), 

we obtain 

L_ 2 |e> = 21^10). 

Note that 

\9) * w = L_ 2 |#) + = 2£i 1 |0) + L-i\0). 

Let us set 

P(x, y) = y - 2(x - y - ^ (x - y + £ 

Then by Lemma 12.111 for simple T + -modules M and iV, we have 

P(x,y)u'® [\6)\ ®v = («' e fi(JV)*, v e O(M)) (5.9) 

where x and y are conformal weights of N and M, respectively. It is not difficult 
to see that 



1 

x - y + - 



P{x,y) 



(M,7V) = (T+,T t -) (x,y) = (§,-§), 

M = N = 7+ (x,y) = (-|,-i), (5.10) 

M = N = 7t (*,J/) = (§,§)• 



Hence it follows from (|5l)|) and (foTTUj) that <8> [|0)] <g> w = for all p € fl(N)* 
and u E f2(Af). Therefore we have shown (1). 

(2) By using the fact that A(7^) is generated by [e(_i)|#)] and as 

an A(T+)-module by Theorem 14.21 we prove ip ® [h^_i^\9)} (g> u = (h = e, /) 

for all </3 G ^(Tj - )* and u € fi(T^). To prove this we need identities which can 
be verified by direct calculations. Recall that H = |(e(_ 2 )/ — /(_2) e )- Then we 
have: 

£T * /i ( _i)|0) - (V|)l^) * ff = %^(-i)l > + 2 ^(i)V|)l^) 

+ i? (2) / t( _i ) |0), (5.11) 

^(o)V|)l ) = ^(-dvdVdI ) - \ e {-i)h-\)h-\)W 

+ l{f,h)e { _^\e) + j{e,h)f ( _^\0), (5.12) 
#(i)fy-§)|0> = l(Me ( -&)\0) + ^e,M/(-|)l^), (5-13) 

ff(2)Vi)l fl ) = |</»^>e ( _i)|<?> + ^^/(-l)^), (5.14) 
* w = L-2fy_i)|0) + £-i^ ( _i)|^>. (5.15) 
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Since 



L- 1 h,_is\0) = h ( _ 1 ,\6), (5.16) 



L- 2 h ( _i i|6») = -h,^\6) - //sse/ix/i/iJ^) - e f _3s/i f _is/ f _iJ0) (5.17) 



for = e, / , we conclude that 

On the one hand, we have by (|5.1ip ~ (|5.15p that 
1(H * e H) |0) - (e^i)^)) * H) - {e { _^\9)) * to 

= -h-i ) e (-i)/(-i)i^) + vf )\°) + + h-^ 9) (5,19) 

-Z-_ 2 e ( _i ) |e)-L_ie ( _i ) |e). 
On the other hand, from f)5.16|) ()5.18j) the right-hand side of (|5.19p becomes 

" f e (-§) e H)A-*)l*> + e (-|)l^ + t e (-D le) + 5 e H) ^ 
- 2 e (-!)l^ + e (-§) e (-h) f (-h)W ~ L - ie (-^ 

= ^ 2 -ie ( _i ) |0} + ^_ ie( _ |) |^) + ie ( _ |) |0). 
Hence we have 

4 -(F * e ( _ h) \e) - (e { _ h) \0)) * -ff) - (e ( _i)|0)) * w 



2. 2 5. 1 



(5.20) 



3 V 1-3 

" i^-ie(-l)l^) " ^ { _ L J9) = 0. 
Changing (e, /) by (— /, e) in the above discussion we obtain the identity 

' ' (5.21) 



2^o „ 5 T „ 1 

+ 

Note that 



+ §^ 2 l/ ( -|)|^> + ^-l/(-£)l*> + §/(-!) If) = 0. 



k ■ o(H) = i> t ■ o(H) = 
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by (pTHjh Then, by (pT2"0]h Lemma ETQ and (15T4"1) . we see that 

7l(~> 7) " 72(1, 1)1 & ® [e f _i^>] ® e, 1 J0) = 0, (5.22) 



7l(|, ~) ~ 72(|, |)} 0* ® [e ( _i)|e>] ® = 0, (5.23) 

7i(-7> 7) " 72(|, |) W* ® [e ( -i)|0>] ® e (-#> = °' ( 5 - 24 ) 



71 1 



4' 4' 

1 1 N , •"> •'>, 



72(g, g) \ ipt ® [e ( _i)|f>] ® / ( _i)|#> = (5.25) 



where 



ji(x,y) =x-y, 



3' 



It is obvious that 72(f) §) = m an d 



71 0, 2/) 



0, ar = y = ±|, 

1 X = I y = _1 

2' x 4' » 4' 



Thus the coefficients in (|5.22p - (|5.25p are all non-zero, which shows that (p ® 
[e ( _i J0)] ® it = for all 99 € 0(T t - )* and it G O(T^). 

Applying the similar argument to ()5.2ip . we have (p ® [fri\\0)] ® u = for 
all ip G 0(T t ")* and u G 0(T t ~). Therefore we have (2). □ 

By Propositions 15. 1)45.31 we obtain: 

Theorem 5.4. For any triple (L,M,N) of simple T + -modules, the fusion rule 
of type [lm) is or 1. The fusion rule of type (^^L) is 1 if and only if the triple 
(L,M,N) is any of 

(T+,T+,T+), (T+,T-,T-), (7+,7+,7+), 

) *J* > *J* ) ) ( ^ 5 ^t" ! ) 

and f/iezr permutations. 

Let F(T + ) be the fusion algebra of the vertex operator algebra T + , i.e., the 
additive group F(T + ) is freely generated by all inequivalent simple T + -modules 
with the multiplication defined by 

MxN = £ ^^(mn) 1 

L:simple T + -module 
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for simple T + -modules M and N. Note that the fusion product x is well-defined 
and is associative by Theorem 15.41 
Let us set 

j(o,o) _ 3+ T (i,o) _ j-^ T (o,i) = j+ T (i,i) _ j- 
Then we have 

<J a x 7 b = 7 a+b 
for any a, b £ Z/2Z x Z/2Z by Theorem E2 

Theorem 5.5. T/ie fusion algebra F(T + ) is isomorphic to the group algebra of 
Z/2Z x Z/2Z overl. 

5.2 Fusion rules for d > 1 

In this section we will determine fusion rules among simple 3~ + -modules for d > 1 
by using the fusion rules for d = 1. 

Note that (T + )® d is a vertex operator algebra. For simplicity we set G = 
Z/2Z x Z/2Z. Then any simple (T+^-module is obtained as 

d 

J s = (g)T ai for some a = ( ai , . . . ,a d ) £ G d . 

i=l 

Then, by Theorems 12.91 and 15.41 we have 

f xS* = f +S (a,b£G d ) (5.26) 

in the fusion algebra F((T + ) 0d ). 

Let X(i) be the subset of G d consisting of elements a satisfying 

(J{fe | a\ = 1} = i mod 2, 

where we denote the i-th component of a € G d by a, = (aj,af). Let X(i,j) be 
the subset of -X"(i) consisting of elements a with the property 

a l =3 

for all 1 < k < d. Then the sets X(i,j) (i,j G Z/2Z) are mutually disjoint and 

X(i,j)+X(i',j') = X(i + i',j + j') for j, f eZ/2Z. (5.27) 

We note that the set {X(i,j) \ i,j € Z/2Z} is isomorphic to the group G = 
Z/2Z x Z/2Z as an abelian group. 
For any subset X C G d we set 

d 

5* = 03^=00^. 

aeX aeX i=l 



22 



Since (T + )® rf is isomorphic to a subalgebra of 3~ + with the same Virasoro element, 
every simple 3~ + -module is a simple (T + )® rf -module. In fact we have 

? + = ©s 
3"~ ^ 





gr« 


= grX(0,0) ) 


sex(i,o) 






Sex(o,i) 


gr« 


_ grX(0,l) ; 


o€X(l,l) 


3"" 





(5.28) 

The same argument for d = 1 given in the previous section shows that fusion 
rules among triples 

(J + ,3-+,^+), (3+ ?-,5r), (3*3+ 3?), 
(3 ,3^ , 3~ t ), (3" , 3^ ,3^ ) 

and their permutations are non-zero. By (|5.27p and (|5.28|) we have: 

Lemma 5.6. For any X,Y,Z£ {X(i,j) \ i,j G Z/2Z} the fusion rule of type 
(3 X + Y \ ■ 

\yx jy) is non-zero. 

We are now in a position to state our main result. 
Theorem 5.7. The fusion algebra F(3~ + ) for d > 1 is isomorphic to F(T + ), i.e., 

1 Z \ _ f 1 X + Y = Z, 
jyJ ~ |q otherwise, 

where X,Y,Z G G Z/2Z}. 

Proof. By the definition of the fusion product it follows that 
<F*x<r"= £ dirndl (^)^(v). 

By Proposition 12.81 for any a£l and 6 G 1", 

dim c / ?+ ^ x ^ J < dim c /ga ^ ^ ^ J 

= J] dimc/^Lf^j. 

By dS^H]) we see that 



dime Igr-i 



toneless) 



J c \ I 1 a + b = c, 
I otherwise. 



Hence by Lemma 15.61 we have 

'3*(M)\fi x + y = x(t,i), 

g~x g~y J - S q otherwise. 



dim c /gr+ 



□ 
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Remark 5.8. We can see that {3' :iz ,3 r ^} forms a group isomorphic to G = 
7LjTL x Z/2Z and that fusion rules are independent of d. 



A Appendix 

In the appendix we will derive a formula of a determinant which is used in 
subsection 14.31 



A.l A formula of a determinant 



Let k be a non-negative integer and let a, b, c be formal variables. We define a 
matrix A k (a, b, c) by 



' fq + a\ (k — q + b 



P 



k — p 



+ c 
l\k + l 



(0<p<k,0<q<k+l). 
(p=k+l,0<q<k+l) 



and 



A k (a,b,c) = (i4j i (a,6,c)) <ij<fc+i 



We can obtain the exact form of the det A k (a, b, c). 



Lemma A.l. For any non-negative integer k and formal variables a, b, c, we 
have 

u 

a + b + i 

i 



det A k (a, b,c) = J [ 



Proof. Note that 

k 



+ a\ (k — q + b 
k — p 



+ a 



-nfk — q + b 



k — p 



iP =o ^ p 

k 

J2(d {p) x q+a )(d (k - p) x k - q+b 

p=0 

__ fk + a + b 
x=i V k 



r p-q+b 



x=l 



x=l 



Q{k) x k+a+b 
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for any q. For simplicity, we write A k (a, b, c) by A k . Then we proceed 



det A k (a, b, c) 



Ak 

^0,0 



Ak 

^O.fc+l 



Ak Ak 
^-kfl ^fc+1,0 



A ™ ... A k A™ 

A k,q A k+l,q 



Ak Ak 
^■k,k+l ^fc+l.fc+l 



Ak 
^0,0 



Ak 
A 0,q 



Ak 

^O.fc+l 



Ak 

^0,0 



Ak 
A 0,q 



Ak 

^O.fc+l 



Ak sr^k Ak Ak 

■^■fc-1,0 Z^p=0 ^p,0 "^fc+1,0 

Ak V^fc *fc A k 

A k-l,q l^p=0^p,q A k+l,q 

Ak s^k Ak Ak 

-^fc-l.fe+l Z^p=0 ^p,fc+l ^k+l,k+l 



Ak (k+a+b\ Ak 

Ak (k+a+b\ Ak 

^k-l,q \ k ) A k+l,q 



Ak (k+a+b\ Ak 

^fc-l.fc+l I k ) ^fc+l, 



fc+1 



(A.l) 



k + a + b 
k 



Ak 
^0,0 



Ak 
A 0,q 



Ak i Ak 

^fc-1,0 1 ^fc+1,0 



4 fc 1 4 fc 

^fc-l.g 1 ^fc 



fc+1,? 



4fc 4fc 1 4 fc 

^O.fc+l ^fc-l.fc+l 1 ^fc+^fc+l 
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On the one hand, for any < q < k and 1 < p < k — 1, we see that 



B P, q ■ = A p, g (a, b, c) - A k m+1 (a, b, c) 

/ q + a\fk — q + b\ (q + a + 1\ fk — q + b — 1 



P 



k — p 



> 



P 



k — p 



q + a\fk — q + b— l\ 1 



p—lj\ k — l—p J p(k — p) 

(q + a-p+l)(k-q + b)-(q + a+l)(p-q + b) 



q + a\fk-q + b-l\/q + a+l k - q + b\ 
p — lj \ k — 1 — p J \ p k — p J 



q + a + l\fk-q + b-l\ _ fq + a\fk - q + b\ 
p )\ k-l-p J \p-lj\ k-p J 



= A*- 1 (a + 1, 6, c) - A k p zl q (a, b + l,c). 
On the other hand, for p = and p = k + 1, we have 

A^ q (a,b,c) - A k 0q+1 {a,b,c) 



Therefore (jA.lj) turns to be 
det^ fc (a,6, c) 

^0,0 13 1,0 



k + a + b 
k 



A 



k-1 
0,q 



q + c 
k 



-A k k -\a^c) 



r>k 

n k-l,0 



D k-l,q 



V k,0 



-A 



fc-i 

k.q 



Ak Ak Ak 1 Ak 



k + a + b 
k 



A k-i 



r>k 
B l,0 



Ak-1 jDk 
A 0,q D l,q 



f>k Ak-1 
n k-l,0 ^k,0 



B k , „ A*" 1 



ife-i 



B 



x 0,k ^l,k 



fe— 1,9 
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Provided that 



Ak-l , \ " p>k _ Ak-l 



(A.2) 



i=l 



Then we have 



Since 



det,4 fc (a,&,c) : 

det yl°(a,6,c) 



fe + a + 6 



k 



det^ fc_1 (a,6, c) 



1 c 

1 C+ 1 



we conclude that 



det A k (a, 6,c) = J] 



8=1 



i + a + b 



Thus it is enough to show Identity (|A.2p . We shall prove the identity by 
induction on p. For p = 1, we have 



Ak-l , r,k 

k—lf„ i 1 j. „\ /ife-1 



Af- A ( a + 1, 6, c) - ^(a, 6 + 1, c) + Ag-^o, 6, c) 
a+l + g\/A;-l-(7 + 6\ fk-q + b\ /k-l-q + b\ 

i yV fe-2 / v fc-i / V / 



a + l + <?\/fe-l-g + fe 
1 [ k-2 



k-q+b- 1 
fe-2 



0+5 v*-i-«+^ =4 - 1(oAc) . 



Now suppose that 



P-i 



i=l 
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Then we have 

%=i 

= A k p Z l ljq (a, b, c) + A k p ; q \a + 1, b, c) - A^a, b + 1, c) 



a + q\ fk — 1 — q + b\ fa + q + l\fk — 1 



p — 1/ \ k — p J \ p J \ k — 1 — p 
a + q\ fk — q + P 

p — 1/ V ^ — P 



a + q\ (k — 1 — g + ft^ /^a + g + l^/^A; — 1 — g + & 



p — ly V fc — 1— p / \ p / V k — 1 — p 



This completes the proof of Identity (IA.2D . □ 
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